Abstract-In this paper, nonlinear thermal responses of a small satellite in Low Earth Orbit (LEO) are analyzed using many-node model. The main elements of primary structure of the satellite include six rectangular cover plates and a solar array linking with satellite's body. These elements can be modeled as different lumped thermal nodes. We use an eight-node model for estimating temperatures at nodal elements i.e. six nodes for cover plates, and two nodes for front and rear surfaces of the solar array. The nodes absorb three major heat energy sources from the space environment consisting of solar irradiation, Earth's albedo and infrared radiation. The established system of thermal balance equations for nodes is nonlinear and is solved by a numerical algorithm. For simulation purpose, it is assumed that the satellite always remains Earth-pointing attitude during motion. Temperature evolutions of nodes in time are explored in details. The obtained results show that the predictive temperature values of nodes are within the allowable temperature limit range of the satellite.
INTRODUCTION
hemal analysis is one of the most important tasks in processes of designing, manufacturing and launching a satellite. It guarantees that all kind of equipment of satellite will work within allowable temperature limits [1, 2, 3] . The prediction of temperature fluctuations under the effect of space environment aims to design thermal for satellites in the early stage of space missions. One can use a single-node, two-node or many-node model for estimating temperatures of satellite. For simple thermal models such as single-node or two-node model, analytical methods can be used, for example, the Fourier analysis method [4] , techniques of linearization method [5, 6] . In the work by Grande et al. [7] , they utilize a technique for linearizing nonlinear terms relating to the thermal radiation of a two-node model. Their obtained linearized system takes the form that is similar to conventional mechanical system subjected to periodic excitations and easy to solve analytically. By employing perturbation and numerical methods, Gaite et al. [8] showed that the temperature response of the satellite model approaches an attracting limit cycle. In 2012, Gaite et al. [9] studied a simple single-node model for a small satellite orbiting around a solar system planet. More recently, Anh et al. [10] have extended an equivalent linearization technique based on the dual replacement concept for finding approximate thermal responses of a single-node satellite model in the Low Earth Orbit. Some other analytical techniques for analyzing satellite thermal can be found in work by Gaite [11] . In fact, due to the complexity of the geometrical model of satellites, thermal equations of satellites are discretized into many-node in which each node is characterized by a temperature at any time. If using analytical methods, solving such a many-node system is not easy.
The current study is devoted to the use of a numerical method to analyze thermal behavior for a small rectangular parallelepiped satellite in Low Earth Orbit using eight-node model. The obtained result shows temperature evolutions of nodes in Nonlinear analysis of thermal behavior for a small satellite in Low Earth Orbit using many-node model Pham Ngoc Chung, Nguyen Dong Anh and Nguyen Nhu Hieu T time and temperature values are within allowable limit. We also examine the effect of the solar absorptivity and the emissivity on the satellite's thermal responses. It is noticed that modeling of thermal loadings acting on satellite is not available for almost thermal analyses using many-node models. This is because of the complexity of modeling of thermal inputs and of the dependence on orbital configuration, motion characteristics and mission of satellites. Thermal loadings are usually simulated numerically and integrated in commercial softwares [1] . In this research, we have constructed an appropriate modeling for thermal loadings in the case of satellite's attitude being Earth-pointing. Thermal characteristics of nodes are analyzed based on these input thermal loadings. Our modeling is an extension of a previous paper on thermal radiation analysis for solar arrays of a small satellite in Low Earth Orbit [15] .
THERMAL BALANCE EQUATIONS FOR EIGHT-NODE MODEL OF SMALL SATELLITE

A satellite model and its orbit
In Fig. 1 illustrates a small satellite moving in a Low Earth Orbit (LEO) at altitude of 680 km. Satellite's orbit is Sun-synchronous and orbit plane is parallel with solar rays. The orbital period is 5902.25 seconds and the eclipse duration is 2121.2 seconds. For simulation, we suppose that the satellite always remains Earth-pointing attitude during motion. Simulation time starts at beginning of eclipse.
The small satellite is modeled as illustrated in Fig. 2 . The satellite includes a body of size
L W H and a solar array of size A A L W . The distance from the solar array to satellite body is AB . Assume that the solar array is perpendicular to a side of satellite body. In fact, the solar array may be placed at different positions on the body depending on the configuration and mission of the satellite. Because the satellite thermal calculation is quite complex, the above model is a simplified one and will be a basis for the more complex satellite model. The body of the satellite is made from composite materials which have specific material and geometric parameters. Here, we suppose that material is homogeneous, which can be considered as a result after material homogenization. The absorptivity and emissivity coefficients of the body material are B and B , respectively. The solar array is composed of many different materials. It includes two surfaces: front surface (surface 8) contains solar cells absorbed energy directly from Sun's rays; the absorptivity of the front surface is F whereas emissivity coefficient is denoted to be F ; and rear surface (surface 7) is coated by a material layer with absorptivity R , and emissivity R . The cover plates 1, 2, 3, 4, 5, 6 are numbered as shown in Fig.2 . Plates 1 and 3 are opposite each other, in which plate 1 is closer to the solar array. Plates 2 and 4 are parallel each other and perpendicular to plates 1 and 3. Plates 5 and 6 are upper and base plates of the satellite, respectively. A local coordinate is associated with satellite and its origin is at the intersection of three planes 2, 3 and 5 (see Fig. 2 ). The axis x is along the intersection between two planes 3 and 5, the axis y is along the intersection between two planes 2 and 5, the axis z is along the intersection between two planes 2 and 3. Numbers 1 to 8 indicate that the satellite structure is separated into eight-node with thermal characteristics assigned to each node. In reality, each of plates numbered by indices from 1 to 6 has two sides: inside and outside surfaces. This way of numbering is because satellite plates have been assumed to be homogeneous material and therefore the material properties of the inside and outside are the same. It means that we can consider the inside and outside surfaces as a representative surface with an assigned index. However, the satellite array is modeled and numbered with two separated indices (7 and 8) . This is because the physical property of the front surface that contains solar cells is very different from the rear surface.
Thermal sources to satellite
As mentioned above, there are three main heat sources from space environment consisting of solar irradiation, Earth's albedo and infrared radiation that affect to the thermal behavior of the satellite. From the Earth-pointing attitude of the satellite (see Fig. 1 or Fig. 3 ), we can obtain thermal fluxes acting to nodes. The order of nodes in thermal calculation is shown in Tab. 1. Parameter data for our calculations are given by Tab. 2. For detail, the values and physical characteristics of these parameters can be seen in [1-3, 10, 12] .
During motion, only six surfaces receive the thermal loadings from the space environment are X+, X-, Z+, Z-, front and rear surfaces; also for other two sides Y+ and Y-, the applied thermal loadings are considered to equal zero. 
where s G is the mean solar radiation, ec P and orb P are the eclipse and orbital periods, respectively. The basis for formulating this expression can view in [1] [2] [3] . In (1), we have denoted
The solar flux on the surface X is a periodic function of time t as presented in Fig. 4 in an orbital period. 
Surface X-
For the surface X-, it absorbs only solar thermal flux , 
The graph of , s X q -is plotted in Fig. 5 . It is also a periodic function of time t.
Similarly, the expressions for thermal loadings acting on the surface Z+ and Z-can be easily obtained. Here we present two other loadings for the front and rear surfaces of solar array.
Front surface
For the front surface, only solar thermal flux 
Rear surface
There are three thermal fluxes that affect to the rear surface: solar, albedo and infrared fluxes. The mathematical representation for them can be estimated as follows Because the surface areas of the satellite are rather small, they can be considered as differential surfaces. So that, we can compute view factor from a differential surface to the Earth's sphere. On calculating view factor, readers can be seen in detail in the book by Howell et al. [12] . 
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In the next section, we will solve Eq. (13) using Runge-Kutta algorithm to get numerical solutions of thermal responses of nodes.
RUNGE-KUTTA METHOD
The Runge-Kutta (RK) method is one of the most well-known methods for finding approximate solutions of ordinary differential equations in problems of numerical analysis. It was developed around 1900 by two German mathematicians C. Runge and M. W. Kutta [13, 14] . In this section, we use fourth-order RK method to find temperature responses of nodes of the small satellite under consideration. Our attention is to solve Eq. (13) to explore thermal characteristics of nodes when thermal nodes are subjected to radiation loadings from space environment.
We consider a generalized ordinary differential equations system in the following form
where 1 2 ...
is a nonlinear n-vector function which contains linear and nonlinear terms 1 2 , , ,...,
and 1 2 , , ..., n T T T are functions of time 0 , t F t t .
To calculate numerical solutions, we divide the time interval 0 , t F t into n equal segments by
The set of points i t creates a "differential net", each point is called a grid node, h is called the mesh step. We can estimate the approximate value of 1
The Runge-Kutta method will be applied to system (13) where the function F is given by 
Numerical results for Eq. (13) will be presented in next section.
NUMERICAL RESULTS AND DISCUSSION
Temperature evolutions in time of eight nodes of satellite are shown in Fig. 8 . It is observed that, when the satellite is in the illuminated region of orbit, temperatures of solar array are larger than that of other nodes. The maximum temperature is predicted to be 82.4722 0 C for node 8 (the front surface) and 80.2318 0 C for node 7 (the rear surface) of solar array (see Tab. 4). There is a slight difference between temperatures of nodes 7 and 8 because the conduction thickness between these two nodes is very small in comparison with the length of solar array. In the eclipse region of orbit, the minimum temperatures of nodes 1, 2, 3, 4 and 6 are nearly the same, about -60 0 C. In this region, the received thermal of the nodes 1, 2, 3, 4 and 6 from environment is very low. The change of temperatures between nodes is due to the thermal interactions via the conduction and radiation. For three nodes 5, 7 and 8, the minimum temperatures are higher than others. By taking the estimated mean of maximum and minimum temperatures, we can see that the estimated mean of node 5 is highest because it always remains a thermal flux acted by Earth's infrared radiation (see Tab. 4). It is observed that, the predicted maximum and minimum temperatures of satellite's body and solar array belong to the range of temperature requirements given in Tab 5. shows the absorbed part of incoming radiation to the total incoming radiation of the front surface. In the case of large value of F , maximum temperature of node 8 grows rapidly. This shows that a strong effect of the absorbitivity on the temperature of node 8 when the satellite is in the illuminated region of orbit. In Fig. 10 . It is seen that as the emissitivity is increasing, the temperature of node 8 decreases.
The thermal interaction between two nodes 7 and 8 is shown in Fig. 12 . The dependence of node 8's temperature on the node 7's temperature is nearly linear because the difference of temperatures between them is quite small. In Fig. 13 , we portray the thermal interaction between nodes 1 (of satellite's body) and 7 (of solar array) with various values of node 7's absorbtivity R . For each value of R , in the steady-state, the temperatures of node 1 and 7 can reach a limit cycle. The shape of the limit cycle in this case is not a circle or ellipse because the obtained thermal responses of node 1 and 7 are not harmonic but almost periodic.
CONCLUSION
The results of analysis for thermal characteristics of a satellite structure have turned out to be extremely useful in the framework of a satellite mission. In this research, a simplified model of satellite are carried out using the method of lumped parameters for nodes. The numerical results of nodal temperatures are implemented with the use of the Runge-Kutta method. Several main results are obtained and can be summated as follows: -A modeling of thermal loadings from space environment is established in the framework of Low Earth Orbit. -A simplified model with eight nodes representing for the body plates and solar array is constructed based on the geometrical dimensions and material properties of satellite. -The thermal balance equations for nodes are derived from the characteristics of conduction and radiation interactions between nodes and external thermal loadings.
-The temperature evolutions in time of nodes are obtained using the Runge-Kutta algorithm with representations of the extended thermal capacity, conduction and radiation matrices obtained from the rearrangement of thermal nodes in thermal balance equations.
-The effects of material properties such as absorbtivity and emissivity on the thermal responses of nodes are explored.
-The maximum and minimum temperature information of nodes shows that the predicted temperatures of the satellite obtained from numeral analyses are within the allowable temperature limit range of satellite. Phân tích ứng xử nhiệt phi tuyến của vệ tinh nhỏ trên quỹ đạo thấp sử dụng mô hình nhiều nút Phạm Ngọc Chung, Nguyễn Đông Anh, Nguyễn Như Hiếu
